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where k i s  t h e  c r i t i c a l  stress i n t e n s i t y  f a c t o r ,  
c r  

The growth ra te  law becomes 

c2, 
da ( A u ) ~  - = -  
dn )I, 

where Au i s  t h e  v a r i a t i o n  of t h e  c y c l i c l y  app l i ed  stress. 

I n t e g r a t i o n ,  s u b j e c t  t o  t h e  c o n d i t i o n  a = a, when n = 0, 

g i v e s  

which becomes, i n  terms of  t h e  u l t i m a t e  load ,  

The p reced ing  formula w i l l  no t  n e c e s s a r i l y  reproduce  ex- 

p e r i m e n t a l  data because of t h e  fo l lowing  s i m p l i f i c a t i o n s  em- 

ployed: 

stress i n t e n s i t y  f a c t o r  is  a c t u a l l y  dependent on c r a c k  l e n g t h  

f o r  small a, and f i n i t e  boundaries  of t h e  c racked  body are not  

t aken  i n t o  account ,  

R a t i o n a l  procedures  f o r  es t imat ing  t h e  r e d u c t i o n  i n  u l t i m a t e  

s t r e n g t h  of a member d u e  t o  f a t i g u e  l o a d i n g s  can be ob ta ined  

from i n f o r m a t i o n  on c r a c k  propagat ion  rates and f r a c t u r e  

mechanics f a i l u r e  c r i t e r i a  coupled w i t h  s o l u t i o n s  t o  r e l e v a n t  

e las t ic  boundary v a l u e  problems f o r  cracked bodies .  

t h e  c r a c k  growth law is  approxfmate ,  t h e  c r i t i c a l  

However, t h e  i m p l i c a t i o n s  are clear.  

A second p o i n t  of q u e s t i o n  i s  t h e  use of t h e  Miner e q u a t i o n  

f o r  l i f e  estimates under v a r i a b l e  amplitude f a t i g u e  l o a d i n g s ,  
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I n t e r p r e t i n g  f a t i g u e  i n  terms of c r a c k  propagat ion ,  i t  seems 

clear  t h a t  t h e  damaging effect  of' a g iven  lorrd l e v e l  i n  terms 

of t h e  increment  of growth caused a t  a crack tip w i l l  depend 

n o t  o n l y  on t h e  number of times a g iven  load  i s  app l i ed ,  bu t  

also on t h e  p r i o r  load l e v e l s  w h i c h  may have served  t o  b l u n t  

o r  sha rpen  t h e  c r a c k  and on the l e n g t h  of t h e  crack when a 

p a r t i c u l a r  load l e v e l  i s  a p p l i e d .  S t i l l ,  p r e s e n t  exper imenta l  

data on crack p ropaga t ion  can  suggest a r e a s o n a b l e  a l t e r n a t i v e  

t o  t h e  Miner e q u a t i o n  only  i n  some special  cases of b lock  load- 

i n g  o f  c o n s t a n t  ampl i tude  stress c y c l e s o  

A f e w  r e s u l t s  will now be given which i n d i c a t e  a method of 

approach t o  t h e  s t a t i s t i c a l  d e s c r i p t i o n  of f a t i g u e  based on 

zrsck propagation &iiG fractiii?e mechanics f a i i u r e  c r i t e r i a o  Con- 

s ider  a th rough  t h e  t h i c k n e s s  crack of l e n g t h  a I n  a p l a n e  body, 

Assume t h e  body is  loaded wi th  a r b i t r a r i l y  d i s t r i b u t e d  boundary 

t r a c t i o n s  a l l  of which are p r o p o r t i o n a l  t o  some parameter s = 

s ( t )  which v a r i e s  i n  a random fash ion  wi th  t i m e .  

The stress i n t e n s f t y  f a c t o r  for  such  a load ing ,  coming from 

a l i n e a r  e las t ic  boundary v a l u e  problem, is assumed known and 

can  always be expressed  i n  t h e  form 

As s ( t )  v a r i e s  w i t h  t i m e ,  t h e  crack l e n g t h  a w i l l  i n c r e a s e ,  

a f f e c t i n g  t h e  c o n c e n t r a t i o n  o f  stress exper ienced  a t  t h e  c r a c k  

t i p  t h rough  t h e  f u n c t i o n  f ( a ) ,  F i n a l l y ,  a maximum i n  s ( t )  

w i l l  o ccu r  a t  a s u f f f c i e n t l y  h i g h  l e v e l  such  t h a t  t h e  c r a c k  wfll 

propaga te  i n  a n  u n s t a b l e  manner due t o  a n  excess  of' t h e  c r i t i c a l  

stress i n t e n s i t y  f a c t o r ,  kcr, and the  member will f a i l .  To ex- 
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p r e s s  t h i s  p r o c e s s  i n  p r o b a b i l i s t i c  terms, l e t  

p ( n )  = P r o b a b i l i t y  that t h e  stress i n t e n s i t y  

factor kn i n  t h e  n t h  load peak of s ( t )  w i l l  be  s u f f i c i e n t l y  

great t o  cause  f a i l u r e ,  and let  

F (n )  = P r o b a b i l i t y  tha t  t h e  crack w i l l  have 

s u r v i v e d  the  first n load  peaks without  a n  u n s t a b l e  p ropaga t ion .  

It can  be shown, th rough well-known t echn iques  for first  

occurence  t i m e  problems i n  t h e  t h e o r y  of p r o b a b i l i t y ,  t h a t  

provided  t h a t  p ( n )  i s  extremely small compared t o  one and t h a t  

p ( n )  has a n e g l i g i b l e  c o r r e l a t i o n  w i t h  p ( n - l ) ,  p(n-2), e tc ,  

Here, n i s  regarded as a cont inuous rather t h a n  a d iscre te  

v a r i a b l e  e 

An e x p r e s s i o n  f o r  p(n) which c o n s i d e r s  t h e  s t a t i s t i c a l  

v a r l a t i o n  i n  load l e v e l s  and which c o n s i d e r s  t h e  c r i t i c a l  stress 

i n t e n s i t y  factor  as a random m a t e r i a l  v a r i a b l e  i s  
w 

p ( n )  = j e ; f x )  Prob)k,>x)dx 
0 

where 

g (x )dx  = P r o b a b i l i t y  t ha t  x<kcr<x+dx 

and 

Prob {kn>x] = P r o b a b i l i t y  t h a t  t h e  stress in-  

t e n s i t y  fac tor  kll>xe 
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The r e s u l t  for p ( n )  is most conveniently expres sed  i n  

terms of  t h e  c r a c k  l e n g t h  a ,  and t h e  n o t a t i o n  p ( a >  = p ( n )  

will b e  u s e d ,  where it i s  recognized that a is a function of 

fi dependent  on t h e  crack growth r a t e  law. F(n) i s  a l s o  ex- 

p r e s s i b l e  i n  terms of c r a c k  l eng th ,  Suppose a c r a c k  has t h e  

i n l t i a l  l e n g t h  aoe Then F (n )  i s  t h e  p r c b a b i l i t y  t h a t  t h e  

cracked body w i l l  s u r v i v e  n load p e a k s ,  o r  viewing a as a 

f u n c t i o n  of n, it is t h e  p r o b a b i l i t y  F ( a [ a o )  t h a t  a crack 

w i l l  grow t o  a l e n g t h  a wi thou t  u n s t a b l e  p ropaga t ion  g i v e n  

t h a t  i t s  i n i t i a l  l e n g t h  was a,, 

this new n o t a t i o n ,  one has  

Thus F(alao)  = P(n), Usiny, 

where  G ( a )  = % i s  t h e  rate o f  c r ack  p r o p a r a t i o n  o r  ave rage  

crack e x t e n s i o n  p e r  load peak. 
dn 

Work t o  date  on c r a c k  propagat ion  has no t  led t o  a satis-  

f a c t o r y  e x p r e s s i o n  f o r  e v a l u a t i n c  G(a),  but it is known t h a t  

t h i s  q u a n t i t y  i s  dependent o n , t h e  stress i n t e n s i t y  f a c t o r  v a r i -  

a t i o n  f e l t  a t  a crack t i p .  Thus, f o r  a r i v e n  material  and. 

random l o a d  parameter s ( t ) ,  one can e x p e r i m e n t a l l y  de t e rmine  

G ( a )  i n  t h e  form o f  a polynomial 

where, t h e  c o n s t a n t s ,  gre w i l l  depend on material  p r o p e r t i e s  

and s t a t i s t i c a l  c o n s t a n t s  of t h e  random process s ( t ) ,  Once 

determined fo r  some p a r t i c u l a r  c r a c k  c o n f i g u r a t i o n  ( t h a t  is, 

some p a r t i c u l a r  f ( a ) ) ,  t h e  r e s u l t  w i l l  be  v a l i d  f o r  any ar- 
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b i t r a r y  crack c o n f i g u r a t i o n  s i n c e  i t  i s  known t h e  crack crowth 

r a t e  i n  cracked bod ies  loaded  i n  d i f f e r e n t  ways i s  t h e  same 

i f  t h e  stress i n t e n s i t y  f a c t o r  f e l t  a t  t h e  crack t i p  i s  t h e  

same. It should  a l s o  be  mentioned t h a t  e lementary  work on  

t h e  p l a s t i c i t y  problem f o r  a cracked body i n d i c a t e s  t h a t  on ly  

even powers of f(a) should  be t aken  i n  t h e  p reced ing  series. 

E x p l i c i t  e x p r e s s i o n s  c o u l d  be g i v e n  f o r  p ( a ) ,  and a l s o  

on t h e  basis of rather s c a n t  expe r imen ta l  r e s u l t s  f o r  G ( a ) ,  

f o r  F ( a / a o ) ,  

p o r t  which t h e  a u t h o r s  are  p r e s e n t l y  p r e p a r i n g  under  a N . A . S . A .  

research g r a n t  a t  Lehigh  Un ive r s i ty .  

T h e s e  w i l l  be  deferred f o r  p u b l i c a t i o n  i n  a re- 

Before c l o s i n g ,  some remarks w i l l  b e  made on a p p l i c a t i o n s  

of t h e  s t a t i s t i c a l  approach  t o  f a t i g u e  g i v e n  h e r e i n .  I n  a i r -  

craft o p e r a t i o n ,  cracks are o f t e n  detected by p r e - f l i c h t  i n -  

s p e c t i o n ,  and a n  impor t an t  problem i s  t h e  e s t i m a t i o n  of t h e  

r e s i d u a l  l i f e  of t h e  cracked body as i t  i s  s u b j e c t e d  t o  t h e  

t y p e  o f  random l o a d i n g  e x e r t e d  on t h e  s t r u c t u r e  by a tmosphe r i c  

t u r b u l e n c e .  Usual ly ,  estimates of  remain ing  l i f e  are  ex t remely  

s e n s i t i v e  t o  t h e  i n i t i a l  c r a c k  l e n g t h  and s l i g h t  e r r o r s  i n  

measurement c a n  effect  t h e  p r e d i c t e d  f a t i g u e  l i f e  g r e a t l y .  

Thus, t h e  s u r v i v a l  p r o b a b i l i t y  P ( a )  can  be estimated from a n  

i n t e g r a l  of t h e  form 
crd 

F(a) = lo F(alao)h(ao)da,  

where h(ao) is a p r o b a b i l i t y  d e n s l t y  f o r  t h e  i n i t i a l  crack 

l e n g t h  a. based on t h e  measured v a l u e  b u t  w i t h  a s u f f i c i e n t  

v a r i a n c e  t o  account  f o r  p o s s i b l e  measurement e r r o r s .  
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Another a p p l i c a t i o n  i s  t h e  problem of t h e  j o i n i n g  o f  two 

cracks and p r e d i c t i o n  o f  s u c h  q u a n t i t i e s  as t h e  expec ted  l i f e  

before j o i n i n g  and expec ted  remaining l i f e  a f t e r  j o i n i n c .  

More d i f f i c u l t  a p p l i c a t i o n s  come i n  l i f e  p r e d i c t i o n s  f o r  

mul t i -c racked  redundant  s t r u c t u r e s  where load  r e d i s t r i b u t i o n  

due t o  crack p r o p a g a t i o n  must be t a k e n  i n t o  account .  
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